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OF AN ACCELEROMETER CONTROLLED RIGID SPACE VEHICLE

By Helmut F. Bauer
ABSTRACT

The danger of unstable modes for spacecraft resulting from propellant
sloshing is well known. Additional artificial stabilization through the
control system can enhance the stability behavior of the vehicle if the
gain values and sensor characteristics are properly chosen. Very useful
results can be obtained from a simplified stability investigation of an
accelerometer controlled rigid space vehicle with respect to propellant
sloshing. 1In this parametric study the liquid was simulated by an
equivalent mechanical model, consisting either of mass-spring-damper-
systems or pendulum-damper-systems for each sloshing mode and a nonsloshing
mass with a moment of inertia. "For simplification, only the propellant
sloshing in one tank was considered. The influence of various parameters,
such as ratjo of sloshing propellant mass to total vehicle mass, natural
slosh frequency, control frequency, control damping, gain factors of the
attitude control system, accelerometer gain, its natural frequency,
damping and location were investigated. The effect of elastic deformations;
aerodynamic forces and the inertia of the swivel engines was not considered.
Half of the thrust was available for control purposes. Only the dominant
first sloshing mode was considered, since higher mode mass ratios are
considerably smaller than for the first sloshing mode, (except in four
quarter tanks, where the mass of one other sloshing mode is of comsider-
able amount compared with that of the first sloshing mode).

The stability boundary was determined in terms of the amount of
damping of the propellant in the tank required for various tank locations
(slosh mass location).

The potential hazard in control due to propellant sloshing in space

‘vehicles can be eliminated by proper choice of tank form (slosh mass ratio

decrease and slosh frequency increase), proper selection of characteristics,
location and gain value of the accelerometer, and as a last resort by
baffles in the propellant tanks.
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DEFINITION OF SYMBOLS

mass of space vehicle
sloshing mass
lateral translation of rigid vehicle

displacement of sloshing mass relative to the centerline of the
‘tank

thrust
angle of rotation of rigid vehicle relative to inertial space
gimbal angle of engines against centerline of the vehicle

coordinate of gimbal point (measured positive from center of
gravity towards tail of the vehicle)

longitudinal acceleration of the vehicle

slosh mass location

moment of inertia of the vehicle about the center of gravity
slosh damping (twice the amount of critical damping)
squaréd of the radius of gyration

spring constant of slosh model

natural circular sloshing frequency

tank radius

liquid height

gain values of attitude control system

gain value of accelerometer control system

indicated acceleration perpendicular to spacecraft axis
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THE EFFECT OF PROPELLANT SLOSHING ON THE STABILITY
OF AN ACCELEROMETER CONTROLLED RIGID SPACE VEHICLE

By Helmut F. Bauer
SUMMARY

Due to the danger of unstable modes for spacecraft resulting from
propellant sloshing, and since additional artificial stabilization through
the control system can enhance the stability behavior of the vehicle, a
simplified stability investigation was made of an accelerometer controlled
rigid space vehicle with respect to propellant sloshing.

In this parametric study, the liquid was simulated by an equivalent
mechanical model consisting of mass-spring damper-systems, or by pendulum~
damper-systems for each sloshing mode and a nonsloshing mass with a ‘
moment of inertia. Only the propellant sloshing in one tank was considered,
and the influence of various parameters was investigated. Half of the
thrust was available for control purposes. Only the dominant first
sloshing mode was considered. '

The stability boundary was determined in terms of the amount of
damping of the propellant in the tank required for various tank locations.

The potential hazard in control due to propellant sloshing can be
eliminated by proper choice of tank form, proper selection of character-
istics, location and gain value of the accelerometer, and as a last resort
by baffles in the propellant tanks.

I. IﬁTRODUCTION

The dynamic response of the liquid propellant in the tanks of a
spacecraft may lead to saturation of the control system. The alleviation
of this influence can be achieved in many ways: proper choice of tank
form, tank location, gain settings of the control system and, finally, as
a last resort, by the introduction of baffles. Additionmal artificial



' stabilization with angle-of-attack meter or accelerometer, which is used
to alleviate the required control deflections of the gimbal engines,

also has a strong influence on the stability of the craft due to sloshing.
Very useful results can be obtained from a simplified stability investi-
gation of an accelerometer controlled rigid space vehicle. The location
and gain of an accelerometer and its vibrational characteristics, such

as its natural frequency and damping, may enhance the stability character
of the vehicle. 1In order to obtain a general knowledge of the influence
of tank and accelerometer location, the interaction between the translation,
pitching, and propellant sloshing is investigated. The forces and moments
of the oscillating propellant in the tank are described by an equivalent
mechanical model, consisting of a mass-point attached to a spring and
damper for each sloshing mode and a fixed mass with a moment of inertia
(Fig. 1). Since the effect of higher modes is very small, only the first
mode of sloshing is considered in the analysis. This is justified by the
fact that, in a circular cylindrical tank, the ratio of the sloshing

mass to the propellant mass for the second sloshing mode is already
smaller than three percent of the first sloshing mode. In a cylindrical
tank with annular cross section, the second sloshing mode mass is, in the
most unfavorable case of a diameter ratio of inmer to outer diameter,less
than 12 percent. 1In the quarter tank, however, the mass of the second
sloshing mode is about 43 percent of that of the first mode. In this
case, the second sloshing mode will have some influence and thus cannot

be neglected. This case and the treatment of two-tank sloshing at various
tank locations will be treated in another paper.

For further simplification, forces and torques due to aerodynamic
or elastic deformations of the spacecraft were neglected. The inertial
effects of the swivel engines were not considered. The parameters
affecting the stability are: the ratio of oscillating propellant mass
to the total mass of the space vehicle, the natural slosh frequency, the
control frequency, the control damping, the gain factors of the attitude
control and accelerometer control sensor and the location, the natural
frequency and damping of the accelerometer. The stability boundary was
determined in terms of the amount of damping of the propellant in the
tank required for various tank locations (slosh mass locationm).

The effect of a real accelerometer was also investigated. In the
cases where sloshing was suppressed, the stability of the system was
represented by the gain value of the accelerometer versus its location.

As an fllustration of these effects on the stability, a vehicle was
chosen whose dimensions are similar to the Saturn space vehicle. Four
cases were treated:

1. Stability analysis of an accelerometer controlled rigid space-
craft including the effect of sloshing and considering a real accelerometer
with certain vibrational characteristics.




2. Stability analysis of an accelerometer controlled rigid spaee-
craft including the effect of propellant sloshing and considering the,
accelerometer to be ideal.

3. Stability analysis of a rigid spacecraft with real accelerometer
control (no.sloshing included),

4., Stability anelysis of a rigid spacecraft with ideal accelerometer
control (no sloshing included). v

II. EQUATIONS OF MOTION AND CONTROL EQUATION

In the following investigation, all effects due to aerodynamics,’
structural deformations, and propellant flow through the tanks and
pipelines (Coriolis effects) are neglected. Furthermore, the inertial
effects of the swiveling engines are not considered. A rigid space
vehicle is treated, where the propellant in one tank is free to oscillate.
The coordinate system has its origin in the center of gravity of the
undisturbed spacecraft. The accelerated coordinate system is replaced
by an inertial system so that the vehicle is considered in an equivatent
gravitational field. The x-coordinate of this inertial coordinate system
is tangent to the standard flight path.

The curvature of the standard flight trajectory is neglected. Roll
motion is neglected and the investigation is restricted to the inter-
actions of translational and pitching motion and the propellant osc1llatians
For the sake of simplicity, the "disc motion", which describes the motion
of the propellant in a completely filled and closed tank (solidified free
propellant surface), and the compliance of the gimbal engines are neglected.
Furthermore, it is assumed that half of the thrust is available for control
purposes. The equations of motion are then:

1. Equation of Lateral Translation

uy + mg Eg = F(q + %6) [6h)

where m represents the total mass of the spacecraft, mg; the sloshing mass
of the first propellant mode and F the total thrust. The factor % on the
right hand side of Equation (1) is due to the fact that only half of the
thrust is available to be gimballed. The displacement.of the sloshing
mass mg relative to the centerline of the tank is represented by &g and
the engine deflection by B.



2. Equation of Pitching Motion
.., FXx .e
Tege §+ 5 B - mg X5 £ - gms & = O (2)

I.¢f represents the effective moment of inertia of the vehicle about its
center of gravity. It can be written as:

Ieff=fx2m£'\dx+f16dx+mox§+Io+ms'x'525mk2 (2a)

The distance of the swivel'point of the gimbal engine from the
origin is represented by xg, m, is the mass per unit length of the air
frame, I} its geometric moment of inertia, m, the fixed (nonsloshing)
mass of the propellant, which is located at the statiom xo, Ig is its
moment of inertia about its center of gravity and xg is the location at
which the sloshing propellant mass point is placed. The radius of
gyration of the vehicle is represented by k.

3. Equation of Propellant Motion

mgfg+ wy Vs Mg b5 + kg 5 - mg Xg § - gmg 9+ mg F =0 (3)

wg is the natural circular frequency of the first propellant mode, g is
the damping factor of the propellant and kg is the spring constant of the A
equivalent mechanical model, describing the fluid motion in the tank

k ,
(55 = ué? . For a cylindrical tank of circular cross section, the natural -
s

frequencies are

w1 nlga 11.)'
Fn 2% o V = tanh (en " (3a)
(n=1,2,3----)

where the radius of the tank is a, h is the propellant height and g is
the longitudinal acceleration of the vehicle, en are the roots of the
first derivative of the Bessel function of first order and first kind
(J} (en) = 0) (Fig. 2). The mass mg of the sloshing propellant is
obtained from: '

my = m, 2 tamh (en %)
(a 2) -1 @=1,2.3-0

where m, is the mass of the propellant in the tank.(Fig. 4).

(3b)

For a cylindrical tank with annular cross section and diameter ratio
k of inner-to-outer tank, the natural frequencies of the propellant are
(Fig. 2a) :




85,
fn..1= 1 q gn tanh (gn-

n
2 (n=1,2,3----)

where &, , are the roots of the determinant
B o one|
Jy k®)  y3 kO]
The mass my; of the sloshing propellant is obtained from (Fig. 5)

M-y < T KM[TZE‘_‘—J- £ e E‘“.'l)] renh ( -2 B)

. (1 - k2) (gn--zl.'tal

forn=1 where'mp is the mass of the propellant in the tank and

o S [a -k Cy (k‘gn_l)]
By 2 gy -
nzl-gg Yrczme ) a-x2e2)

and »
Iy (k &y y) y1 (k &q-0)
Iy (&y-2) 71 (&g-9)

For four cylindrical quarter tanks with radius a and filled with liquid
to a height h, the natural frequencies of the propellant are: (Fig. 3)

Cy (k &y y) =

]
=1 g Sam _11)
f,—,ZH tanh(en;ma |
(n =

(m

!
- where ¢, are the roots of Joy (enm) = 0. The mass of the sloshing
propellant is obtained from



Jo2m + 2p + 1 (enm)

- '64 €nm tenh (Gnm %) ) i (

b
2 (efm - 4m%) J5n (eny) (énm Z) w=o

0
Jom (eom) | 2 Z 3 ey (n = 1,2,3----)
(4m®= - 1) €nm 2m + 2p + 1 ‘€am (m = 0,1,2----)
) K1=0
for n = m = 1 where is the mass of the propellant in the tank.

can be seen that other modes cannot be neglected, (Fig. 6) because

my, ® 0.43 m,,.

4. Control Equation

B=ac ¢+ a1 ¢+ gahs

2m + 2p - 1) (2m + 2u + 3)

It

%)

This equation represents the idealized control equation, relating the
attitude angle ¢ and the indicated acceleration Aj; of the accelerometer
perpendicular to the spacecraft axis. Derivatives of P which produce
increasing phase lags with increasing frequency have been neglected
and are not important for the basic argument. The gain value of the

accelerometer is represented by g..

5. Accelerometer Equation

A 2 . . .
é+u—h§a‘Ai+Ai=Y'xaCP'8<P=0

(5)

where wy is the natural circular frequency of the accelerometer, {g is
the damping of the accelerometer and x5 is its location.
accelerometer is considered ideal (wa >>1) its equation reads

A; = y - Xa ¢ '.8¢

By substitution of the control deflection B and the
equation into the equations of motion, the following set

homogeneous differential equations is obtained.

y-%(aocp+a1c'p)-gcp+u'§'s-%‘Ai=0

. gx . o
qz""'é;EE(an)"',alcp) 'L%xs Es 'ég Eg +

¥ - xg $- g0+ Egt wg 7g Egr wf Eg = O
A

é+%Ai+Ai-y+xa o+ gp=0

2k 2

E Ay

If the

(5a)

accelerometer

of linear

(6)

(N

(8)

(9)

li

s



where
g = 5 is the longitudinai acceleration
p= 2? is the ratip of the sloshing‘mass to the . total vehiqie maés
Xg is the .disﬁ;ﬁz:e of the swivel engine gimbal point to f:he

center of gravity of the vehicle (origin)

A=gg, is a gain parameter of the accelerometer,
IITI. STABILITY POLYNOMIAL

Assuming solutions of the differential Equations 6, 7, 8, and 9 with
the time dependency est, where s is a complex number, the stability
polynomial can be obtained. The above differeutial equations are
transformed into a set of linear homogenous algebraic equations, of
which the determinant of co icients must be zero in order to have other
than trivial solutions, i.e

’ g A
s2 -8-3 (ag + ay s)psa -3
2 gXE B 2 7\XE
Q s< + E(—é (ao + sal) - k2 (XS s+ g) E—é
: =0 (10)
s -(xg 52+ g) sZ+ w 7 5 + W 0
2 2ty s
-sZ X, s2+ g 0 -§—2-+ Ga +1
Wy W

1. Stability Analysis of Accelerometer Controlled Craft Including
the Effect of Sloshing and Employing a Real Accelerometer

Employing a real accelerometer with a natural circular frequency
w; and a damping factor {, results in the determinant (10). The
evaluation of this determlnant leads to a sixth degree polynomial.

A, s®+ A sS+A, 8% +A55°+A,5Z+ A, 5+A,=0 Q1)

of which the coefficients A?\.‘(?\ = 0,1,2,....6) can be written with



gXE ao

2 _ (12)
“° w21 - l\ - M
2 2k 2 '

as the square of the circular control frequency (frequency of the pitch
mode) and

a, = 5%59 (13a)
= LN lM) | 135)
2k? 2 2k =
where . is the control damping and x5 is the accelerometer location-
Ag = ky7 + kyg xZ (14a)
Ag = kyz+ ki, 75 + K5 X5 + kg x5 . (14b)
Ay = ko + kyg 7g + kg Xg + ko xZ | (l4ce)
Az = kg + kg 75 + kg x4 (144)
A, =ksz+ ky 75 + kg Xg (l4e)
Ap =ky +ky '75 (14£)
Ao = kg : (14g)

where the abbreviations kj (A = 0,1,...18) are functions of the slosh
mass ratio, the control frequency, the control damping, the accelerometer
gain value, its location and its vibrational characteristics, the slosh
frequency the attitude gain values, the distance from the gimbal point to
the center of gravity of the vehicle and the radius of gyration of the
spacecraft. Their respective values are:

4,2 2
ko___wczw2<1_l_)\xExa)+2p'%vk (I_A_N{Exa)

2 2k 2 ag Xg 2 2k2
4 2 4 2
kl=-Llf—ca$(1-A-M)+2w %QC( A-M)
agxf w, \. 2 2k 2 2 2k 2
2
2 2
+ 4p b k® oS 1 -2 MEXa 280 W w5 [} N _ ME Xa
2 2k /. Wg 2 2k?2
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2
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2 2k 2 2 2k2)

. :
28w (1 - u+§§2->(1 A - xa)+ 2':"2“'32
(]

2
2 2k wg
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-y (I_Z-MEXa)J,‘*CaCc%%(l-A_M)
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W2 2 2k 2
. ___2u§c%(1 _l\_MExa>_4u§awc2(l _7)_7"‘Exa>
Xp 2 2k= Xp 20 W, 2 2k 2
ZuCa\wgl__?\__NcExa
Xp Wy 2 2k 2
2 A& ' 4 LR
_‘icé( AN E’;a a W o+ cha%(l E};a
w3 2k Wy 2 2k
1 " - A w§ Mgy XE a- w
2 Wf 2k s
_ZCC We ‘*’s( N M, Xg 28, wg
ws 2 2k = Wy
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Xp Wy 2 2k Xp Uy 2k
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. k14-;§
2u s, W, A &g %,
Kis = S B (1 S22 2“2)
2u &,
k = -
16 uhkz
k.. =i B
17 w§
_ 5
kla--kzuhz.

The coefficients of the sixth degree polynomial (n = 6) are real.
The necessary and sufficient conditions for stability are (Ref. 6):

1. The coeffiéients Ay, Ayl A‘;\_3. .. >0
- Ay, Ag >0 if n is even
| {AO >0 if n is odd }
2. The Hurwitz determinants

" Hy >0 if n is even
Hp-y, Hpozeeoos >0
H, >0 if n is odd

This is for a sixth degree polynomial (n = 6)
Ag, As, Az, Ay, A >0 A (15)

Hg, H5 >0 _ : (16)
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which is

A Ax; A, O 0
Ag A, A, Ay, O

Hy = 0 As A5 A, O
0 A A, A, Aj
0 0 As As A,
Ag Az Ay

Hz = Ag A, Ap
0 A As

This means that all roots s= g + iw have a negative real part. The
conditions o = 0 represent the dividing boundary between stability
(damped oscillation) and instability (diverging oscillations). The
boundary of the stability region is, therefore,

Hg =0, Ag=0 (dynamic stability) an
(Ao = 0 static stability)

It can be seen, that Ag =0 (xs = % Nh‘17/k18 ) represents in the
(xs7s) plane straight boundaries parallel to the yg-axis? It is

—_
xg = *k A|l ;'u . The Hurwitz determinant Hg = 0 can be represented

in form of

colxg) + cilxg) 75 + calxg) 78 + calxg) 78 + calxg) 78 + cslxg) 758 = 0

and the c) (xg) (A= 0,1,....5) are polynomials in xg. From Equation 18
the intersection points.with the x -axis of the stability boundary curve
can be obtained by taking (yg = 0) and solving the equation for xg:

colxg) = 0

Stability is achieved for all points (xg 7s) above the boundary
curve. The stability boundary breaks off at the left and right due to
the results of A, = 0.- Therefore, stability is only exhibited inside
these boundaries, i.e., above the stability curve, left of the right
boundary of Ag = 0 and right of its left boundary. Sometimes these

i

1§
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latter boundaries are outside the spacecraft and are, therefore, due to
the physical imsignificance not indicated.

2. Stability Analysis of an Accelerometer Controlled Vehicle
Including the Effect of Sloshing and Employing an Ideal

Accelerometer

: The employment df an ideal accelerometer (w5 >>1) instead of a
real one with certain-vibrational characteristies, results with Equations
1, 2, 3, 4, and 5a in a fourth degree polynomial

Ais®*+A53+A52+A;5+A,=0 : (19)

of which the coefficients A) (A= 0, 1, 2, 3, 4) can be written with
Equation 12 and 13

Bo = ko | (20a)
By=Ry+kp7 ' (20b)
| Ap=ks+ '1;4 7s t+ Esxs | - (20¢)
Ry = Kg + 75 + Ko % | (204)
Ay =ko + kjo xg + kg xF (20e)
where '
B = ms2u)c2(1 .. ’;a>+_2&2fﬁ(1 -A-M)z
2 2k xf ag 2 2k 2
2
K, = 26 w w§(1 --2‘-1’%(1;-)+4“_:§_§_k.2.(1 -%‘-%)

2 2k 2 2 2k2
) - )\“xa (‘\€ 1 _A - 7\KE Xa
Xg 85 2 2k2
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- A g x
k4_2€c“’c“’s<1'2' Zka)
- TR N g X 2-N pof Mg X
kg=— @ (1 -=- 2) - 1 - = - =
XE 2 2k anO 2 2k

- A 'AxExa
K, = 1 - 1-2-

6= 2L we ( m( . 2k2)
K, = 1] -—--ZE-a

7 ws( 2 2k2)
E_Zu';cwc(l_%_%xEXa)

8~ > T T o2
- AN WX x
kg=1-p-=-=—- ——E—Eé a-mw

2 2k

= M -
ki 'é'k—z'O\ 2)

The necessary and sufficient conditions for stability (n = 4) are that
1. A, A, A >0
2. Hz>0

which is

>
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The stability boundary is obtained from Hz = Q

E, =0 (1)
EA&s = RS + A4S - - @

which is (becaﬁse the results are presented in the (xg, 75) plane)

(ky + ko xg + ks x5) + (k,+ kg xg + kg x5) 75

+732' (k7+k8xs+k9x§)+7§ = 0 (23)

with

kJ.=1-‘11-<31.‘6 'EiiQ “Eoig

ko= K, kg kg + k, kx kg - 2kg kg kg - kS k0

k3 =y Ks Ko - Ko Ka - K3 Ky

ky=ky kykg+kokskg +ky ksky - 2ko kg ky - 2ky kpkg

ks = ko kg kg + kg ks k7 + k3 kg kg + ks ks kg - 2ko k7 kg - 2k; ko ko

ke = kp kg kg = 2ky kp kg

kp =koky kg + ky kyky + ko ks kg - ko k5 - k2 kg

kg = kp kg k7 + Ky ky kg - K3 Ky

ko = k2 kj3

kio = kzp kg ke

It can be seen that K4 = 0 represents straight boundaries parallel
to the 7yg-axis. These straight boundary lines are represented by the
- equations : 3 :

24

)

Xg = ZIJ-()\ ~ _"'2) {p.?\(xa + xE) }dp_z)@(xa + xE)2 - 16 [k2 ( -1 - 2\6_

+ k242 (1 .-%‘)+,-7°-‘—125—x—‘-‘- u(l -%- p.)]}

From Equation 13 the intersection points of the stability boundary
curve can be obtained by taking 73 = 0 and solving the quadratic

equation in xg.
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ky+kyxg + kx5 =0 (24)

Stability is achieved for all points (74, xs) above the boundary
curve, The stability boundary breaks off at the left and right due to
the results of relation 21. Therefore, stability is only achieved
inside these boundaries, i.e., above the stability boundary due to
Equation 23 and left of the right boundary of Equation 21 and right to
the left boundary of Equation 21. Sometimes the boundaries of Equation 21
are outside the spacecraft and are, therefore, not indicated.

3. Stability Analysis with Real Accelerometer Control (Sloshing
Not Included)

The employment of a real accelerometer with the natural circular
frequency w; and the damping factor {; results in the equations

§-g¢-§'6=0 (25)
gXg

+=—Ep=0 . (26
2k25 ‘ (26)

B=ay, o+ a; ¢+ go Ay @n

As 2§aAi’ - .

e +Aj =V -xg - (28)

wg wa 1=y "% 9" 89 .

which are, with the introduction of the control Equation 27,

§-gcp--§-(aocp+a1cb)-%‘A'i=o (29)
.. 8% . s
Cp+EEE§(ao(p+alcp)+§-£EEAi= (30)
A; 2t . . .
-uiz+—£-u:-Ai+Ai-y+xa(p+g(p=0 (31)

They can be obtained from Equations 6, 7 and 9 by setting the sloshing
mags ratio p = 0 and leaving out the slosh Equation 8.

Assuming again solutions of the form eS%, where s = g+ iw is a
complex number, the stability polynomial can be obtained from the
determinant.
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2 . - - A
e : %(2+ao+als) >
, ' ap + ajy s
0 g2 4 BEE (a0 t 2 ) Axg =0
2k 2k 2
e ‘ ' sZ 2t s
-s ; Xg s%+ g —+ s+1
o - W e
and is of the fourth‘degree.
K4s +Kzs +A2s +A,8+4,=0 ' R (32)

The stability boundary is presented such that the magn1tude of gain
of the accelerometer is determined versus the accelerometer location.
Writing

xa =

lxcR(

(33)

where lxcgl is the distanoe of the center of 1nstantaneous rotation to

_ the center of gravity of the spacecraft. The coefficients Ax
{(A=0,1, 2, 3,.4) are then:

Ro =Ko + ki A(L+ O - (34a)
Ki=1‘2 +k3 A (1 + 0 (34b)
Ao=ka+ks N1 + O L (340)
E,=F . +5, 2+ : = ()
A, = 34e
« =2 (34e)

where the abbreviations k} are the functions of the control frequency,
the control damping and the vibration characteristics of the accelerometer

T = o
2
§1="29—
: 2
2
ko = e €, 26 w
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= o w8
kz= - = - b o«
Wa
2
§4=1+%+4§3§C0‘b
wWa Wa
fo=-L- W 286 & w
2 24§ wa
=. 2 2
B = §c2ux:+ fa
Wy Wy
= b we
k7=-
wg

The stability boundary can finally be expressed in (A, 0) plane by
the equation ‘

ko + Xy (L+0) +Nko(L+D%2+ Nk (1 +)%=0 (35)
where
- e = - ‘Ez
ko = ko kg kg - ko kg - =5
w8
TR E + FoFo R 4 Ko Faky - 22RO TR, %, B2
ky = ks kg kg + kokg kg + kp kg ko - e = 2kg kg k7 - k; kg

=

ks = ksks ky - kg k5

It can be seen from k, that the CG-axis (A = 0) is in the stable
region.

4. Stability Analysis with Ideal Accelerometer Control (Sloshing
Not Included) '

The case treating the stability with an ideal accelerometer can
ble obtained either by the Equations 25, 26, 27, and 5a or by working

“_h. = 0 in the previous case. The stability polynomial is of second degree
Ap s+ A1 s +A5=0 (36)
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with . A
Ag=ko+k; N1+ (37a)
Ay=ky+ks A (L +0) (37b)
Ao=1 -57‘(1+ob (37¢)

The stability Boundary curve'i; §btained from Ay = 0 and reads

?\=';k‘ 1
k3l+a

and fepresents a hyperbola.

The values k) are

withAthes:ﬁe values the stability boundaries A; = A = O are seen to be
identical

A= —2 ‘ (38)
1+a

~ The Q-axis (A = 0) lies in the stable region.
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IV. APPLICATION

The influence of the various physical parameters on the stability
behavior of the vehicle is treated numerically by considering a Saturn
type vehicle with the dimensions xg = 500 inches and a asquare of the
radius of gyration of k¥ = 2,513 x 10°(inch)®. The length of the
vehicle was taken to be 2300 inches with the center of gravity (origin
of coordinate system) being 500 inches from the base of the craft. In
those cases, where the accelerometer location was not changed it was
chosen to be at x; = =240 inches, which is 240 inches forward of the
center of gravity of the space vehicle.

The parameters are:
1. 0= —;?— ratio of sloshing mass to total mass of the vehicle.

2. xg distance of swivel point from the center of gravity of
the spacecraft,

3.k radius of gyration of the vehicle.

4, W¢ undamped circular control frequency.

5. Lc control damping ratio.

6. Wg first natural undamped circular slosh frequency.
7. Ys damping factor of propellant.

8. wg circular undamped frequency of the accelerometer.
9. £, accelerometer damping ratio

10. A = ggo product of longitudinal vehicle acceleration times
accelerometer gain value 8=.

11, x4 location of accelerometer measured from the center of
gravity of the vehicle - Xa | (xcr is the
center of instantaneous(a Iicr| ) rotation)

12. x, distance of the first sloshing mass from the center of

gravity of the vehicle.

13. a, gain value of the attitude control system.




21

Case A:

The stability boundary of an accelerometer controlled vehicle with
real or ideal accelerometer can be seen in this case. The motion of the
propellant is suppressed. For an ideal accelerometer 1/w, =~ 0 (wa>>1)
the stability 13 reptesented by the hyperbola

N
1+
x , _
where ¢ = : is the ratio of the accelerometer location to the

absolute value of the center of instantaneous rotation. For real
accelerometers, the stability boundary is not changing considerably,
except to the amount that the stability region is slightly decreased, i.e.,
the gain values A = g.go7 experience only stable values for smaller
values than in the ideal accelerometer case.

The magnitude of range of the parameters in Case A ig given in the
following Table 1. _

TABLE I

Wa Ce We Ee Figures
changea 0.7 2.0 0.7 Figure 7a
55 ; varies 2.0 0.7 Figure 7b
12 varies | 2.0 0.7 Figure 7c
55 0.7 varies 0.7 . Figure 7d
12 0.7 varies 0.7 Figure 7e
55 0.7 2,0 varies Figure 7f
12 0.7 2.0 varies Figure 7g

It can be seen in Figure 7a that the ideal accelerometer is hardly
different from the case of a real accelerometer with a circular natural
frequency of 60 radians/sec. A decrease in the natural frequency of the
accelerometer causes a slight shift of the stability boundary, thus
decreasing the sEable area slightly. Increase of the accelerometer
damping factor 52 from subcritical to high supercritical damping also
decreases the stability area in the same sense as above, (Figure 7b) for
large accelerometer frequency ( ‘4 = 55). For small accelerometer
frequency ( wa = 12.0) increasing accelerometer damping first increases
the stability region slightly for very low damping values (until { a = 0.2)
then decreases the region again slightly with increasing damping Ca
(Figure 7c). Increasing control frequency exhibits decreasing stability
region for large and small accelerometer frequency, (Figures 7d, e). '
For small accelerometer frequency, the decrease of the stability region
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is slightly more pronounced, since for small control frequency, in this
case the stability boundary it is already below the one with large
accelerometer frequency. For changing control damping, the stability
exhibits the same trends for both low and high accelerometer frequency.
With increasing control damping, the stability region is slightly
enlarged, especially noticeable in the case of small accelerometer
frequency. Thus the control damping has the strongest effect on the
stability, especially for low accelerometer frequency.

It may be noted, however, that due to other effects, such as
bending, the accelerometer should be located before the bending loop
(vhere ¥' < 0 ). In a rigid space vehicle the A value is also
restricted to a certain range if aerodynamic forces are included in the
treatment and the drift-minimum principle is considered. Without
aerodynamic forces or for a neutrally stable rigid vehicle the drift-
minimum principle is satisfied for A = a, . This would mean in our
case A = a, = 3,5, For smaller a, values, a kind of load minimum
(ap = 0) would be approached. (This effect of loads reduction, however,
is only valid for quasi-steady states.) Due to the drift-minimum
consideration, the accelerometer is best located in the vicinity of the

center of instantaneous rotation, thus having a larger range of values
available.

Case B:

In the following Case B, the stability boundary with
respect to propellant sloshing is treated for no accelerometer control.
For ideal accelerometer (wg >> 1), the stability equation was obtained
in Section III, paragraph 2. If no accelerometer control is employed
(A= 0 ), and only an attitude control system is used, the equations
reduce to

A4S4+A383+A282+A18+A0'0
where the coefficients A} can be obtained from the equations 20a....e

and the k ) from the k) by substituting for A\ = 0. The boundaries due
toA, = 0 are

which results in




' | The stability bo’undéry intersects the xg-axis in the values

obtained from equation 23 for 7y = 0 and A = 0 and are
for %2 I .
et ;
—— o
a, wg 5
2 .
| Fer [ Pe o | xer |
X ® lxer | + €1 - xg ) - aw 2 Tl
w c2 '
X2 % ogmpoz o o) s x|
wc2

For very small values of 2, Vg the stability boundary inter-
sects the xg-axis close to the center of gravity (origin) and close to
the center of instantaneous rat.ation. Due to the fact that the x,;, 2
- values are proportional to the mass ratio H and (1 -1 ) respectively
| the value x> is more sensitive to changes of w ,u and g. Since |x..|
| ' is of the same magnitude as xg {in this type of vehicle xg = 500 inches
| R and | xctl = 502.6) the changé of x; 1is significant.

The mgnitude of ‘range of. . parameters in Case B is given by
Table II. ' '
If no accelerometer control is employed ( A= 0), and only an

attitude control system is employed, it can be seen that propellant
sloshing has quite some effect on the stability of a rigid space vehicle.
Figure 8a exBibits the danger zone of a rigid spacecraft for small values

of %——&z— . It is approximately between the center of instan-

‘taneous rotation and the center of gravity. With increasing slosh mass
ratio p , the stability is decreasing in this region, i.e., more
" baffling has to be employed in the tank in order to maintain stability.
Considering only the wall friction of an unbaffled tank as contributing -
to the damping ( 74 = 0.02), the vehicle is always stable for a
slosh mass ratio of p < 015, - In Figure 8b the influence of an increase
in the circular control frequency indicates a rather strong increase of
_the danger zone towards the tail of the craft., The sloshing mass ratio
was considered to be U = 0,1, The increase in the control frequency
demands more baffling in the danger zone, For a control frequency of

’ _about twice the magnitude of the nominal control frequency of 0.3

| ’ cycles/sec, about three times as much damping has to be introduced in

| the tank in order to maintain stability. The case of W > Wg
is very unfavorable since it demands even more baffling and exhibits
a 1‘arger danger zone. Keeping the control frequency a considerable
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amount below the first sloshing mode frequency with relatively low
damping in the tank avoids instability, and keeps the danger zone
restricted to the approximate region between the center of gravity and
the center of instantaneous rotation. For a sloshing mass ratio of -
10%, the wall friction is sufficient to maintain stability as long as
the control frequency is below 0.3 cycles. The change of the control

- damping = fc can be seen in Figure 8c. It exhibits the following trend:

- for increasing subcritical control damping ({c <1), the stability is
decreasing in the danger zone, i.e., more damping has to be introduced
to maintain stability. The danger zone is unchanged by the change of
the control damping. For increasing supercritical control damping({:> 1)
_the stability is increasing, i.e., less damping is required in tank
"locations in the danger zone., No baffling is required for a sloshing
mass of M = 0.1 in the danger zone, if the control damping §. < 0»5
or if c =2 2«5 This means that for the parameters considered (s = 5.0,
w, =2, a; = 3,5, simple attitude control system with lead net work),
the wall friction in the tank is sufficient to maintain stability for
a rigid space vehicle of the Saturn type. A further question that
always presents itself to the design engineer is the problem of tank
design. Tanks with large diameters exhibit low sloshing frequencies
which are in many cases too close to the control frequency of the
vehicle, Providing partitions in the tank or clustering the tanks
increases not only the sloshing frequency but also reduces the sloshing
mass considerably. In Figure 8d the effect of the change of the sloshing
frequency is shown. The danger zone increases toward the aft of the
craft for decreasing slosh frequency which decreases the stability
considerably., An increase Jf the slosh frequency enhances the stability,
i.e., decreases the danger zone and reduces the amount of baffling
necessary to maintain stability. For the treated case of a rigid space
craft with a sloshing mass ratio of H = 0,1, the wall friction will be
sufficient to maintain stability at any tank location if the natural
sloshing frequency is above 3.0 cycles/sec.

The control factor a, of the attitude control systems exhibits a
slight decrease of the danger zone toward the base of the craft and a
slight decrease in stability for decreasing values (Figure 8e),

Case C:

The stability boundaries with respect to propellant sloshing is
treated for an accelerometer controlled space craft employing an ideal
accelerometer (“a>> 1) in addition to the control system of the
previous Case B. The boundaries due to Ag = 0 are given by equation 23a.

2

1 N
Xp.9 = mz__.)[p A X, + 1:<E) i[p.z MR, - k)% - 1 b3 (M- 1 - T )+

%
i c1-y e Mg a ]
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From this it can be seen that the left and right boundaries depend
strongly on the accelerometer locations x, and the accelerometer gain
values AN . The mass ratio is also of some importance, especially for
the left boundary, i.e., for the negative sign in front of the square
root, For most of the treated cases these boundaries are beyond the
spacecraft and therefore not indicated.

Figure 9a exhibits the influence of increasing slosh mass ratio.
The most favorable gain value AN = 1,0 for an ideal accelerometer
controlled space vehicle was employed. The danger area is decreased
considerably to a very short zone below the center of instantaneous
rotation where wall friction for the liquid in the tanks already is
sufficient to maintain stability. The increase of the control
frequency above the slosh frequency results in a decrease in stability
and an increase of the danger zone towards the base of the craft, Due
to ideal accelerometer control, however, the damping necessary to obtain
stability for sloshing mass of 10% of the vehicle mass is very small,
even in the case when the control frequency 1is twice the sloshing
frequency. For wg = 5,0 radians/sec and wc = 10,0 radians/sec the
necessary damping 7s = 0,01, (Figure 9b). The change of the control
danping exhibits the same behavior as in the previous Case . It
decreases the stability for increasing subcritical damping and increases
the stability for increasing supercritical damping. The effect in the
already small danger zone is hardly recognized, (Figure 9c). If the
slosh frequency is below the control frequency Ws < Wc, the danger zone
'is large and covers nearly the complete region lkehind the center of
instantaneous rotation. Small damping, however, already guarantees
stability (Figure 9d). For increasing slosh frequency, a considerable
decrease in the danger zone is noticed and an increase in stability is
obtained. Figure 9c shows that no appreciable stability is encountered
by change of the attitude control value a_. The accelerometer gain
value A\ = g8 has a very pronounced influence on the stability behavior
of the vehicle. 1In Figure 9f it can be seen that, for A < 1, the
danger zone is behind the center of instantaneous rotation and is
increasing towards a value slightly behind the center of gravity as A
approaches the value zero. A loss in stability takes place in the
danger zone while A 1is decreasing. TFor increasing A > 1, the danger
zone shifts forward of the center of instantaneous rotation and increases
the magnitude of the zone and the required damping for tanks in this
location. From a certain value A >1.5 on, propellant motion in all
tanks in front of the center of instantaneous rotation leads to
instabilities while, for tanks behind the center of instantaneous
rotation, the motion of the propellant is stable, The value A = 1 is
the most favorable gain for which all other parameter changes were
performed. In Figure 9g, the influence of the location of the
accelerometer upon the stability can be seen. For the most favorable
gain value A= 1, the change of the location of the accelerometer did
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not lead to instabilities. For other gain values, however, the
location. of the accelerometer definitely has an influence on the
stability. “For gain valuesAlarger than 1.5, the fluid motion in all
tanks behind the center of instantaneous rotation exhibits strong in-
stabilitiesfor accelerometer locations behjind the center of gravity.
The propellant motion in tanks in front of the center of instantaneous
rotation shows instabilites if the accelerometer is located in front
of the center of gravity (Figure 9h). For gain values A smaller thamn
unity, the behavior of the stability boundary is similar to that one -
without accelerometer control. The previous results are only valid
for an ideal accelerometér, which means for an accelerometer frequency
of large value (wa >> 1), For an accelerometer with vibrational
characteristics ¥a and {a (noted as a real accelerometer) the stability
behavior is quite different from that of an ideal accelerometer
depending, of course, mainly on the value of its natural frequency.
The range of parameter changes, can be depicted from Table I1. Two
circular frequencies for the accelerometer were treated uy = 12 and
55 radians/sec. In Figure 10a, the influence of increasing slosh mass
ratio can be seen for a spacecraft with additional accelerometer control,
where the accelerometer had a circular natural frequency of Wy = 55
radians/sec and a subcritical damping of {a = 0,7, With increasing

- slosh mass ratio, the danger zone incrases aft of the center of
instantaneous rotation apmd the stability decreases. That is, in the
danger zone more damping is needed to maintain stability. It can be
noted, however, that for wall friction only( 7s = 0. 25), the vehicle
is stable for sloshing mass ratio 1 <0.30. Increasing the gain

value to A ='1,5 ( an optimal value for stability)with an accelerometer
of circular natural frequency of Wa = 55 radians/sec, no instabilities
are obtained for slosh mass ratios of #<0Q,21 (Figure 10b). For larger
slosh mass ratios the vehicle becomes very strongly instable. It may
be noted that the stability curve breaks off at the left at the
indicated values, thus pointing out the instability beyond this point.
For low accelerometer frequency (4 = 12 radians/sec), the stability
situation is becoming very hopeless from the standpoint of sloshing
(Figure 10c). Sloshing is even excited by the accelerometer control
and creates a situation which is worse than in a craft with simple
attitude control only. The danger zone is increased and continues to
increase with increasing slosh mass ratio. Very high baffling would
be necessary in order to maintain stability. The damping required in
this case is about three to four times larger than in the case without
accelerometer control. From this we can conclude that the accelerometer
frequency should be well apart from the slosh control frequency. With
increasing gain value A, this situation is becoming even more un-
favorable, i.e., the danger zone is increasing over almost the entire
vehicle and stability requires tremendous damping values. Figure 10d
exhibits the effect of the change of the control frequency for a
vehicle with an accelerometer frequency ofWa = 55 radianslgec. An
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increase of the control frequency below the slosh frequency decreases
the danger zone slightly, while an increase of the control frequency
above the slosh frequency increases the danger zone towards the aft of
the craft. The damping during the increase of the control frequency
remains comparatively small (¥ = 0.0l and less). For an accelerometer
frequency of Wa = 12 radians/sec, the stability behavior can be seen
in Figure 10c. Increase of the control frequency results in a decrease
of the danger zone and an increase in stability. The effect is more
pronounced than in the previous case and the vehicle is less stable for
equal control frequencies in comparison with the case of wa = 55 radians/
sec. Figure 10f exhibits the influence of control damping. Increasing
control damping decreases the danger zone and increases the stability.
For the use of the low accelerometer frequency w3 = 12 radians/sec,

the stability behavior can be seen in Figure 10g, which exhibits, for
increasing subcritical damping, decreasing danger zone and increasing
stability, while for increasing supercritical damping increase of the
danger zone and loss of stability area are encountered. Low sub-
critical damping, however, seems unfavorable in both accelerometer
frequency cases; especially in the low accelerometer frequency case more
baffling has to be applied in order to maintain stability. The effect
of changes in the sloshing frequency is shown in Figure 10h and 10i.
Slosh frequencies below the control frequency exhibit a large danger
zone from a value slightly in front of the center of instantaneous
rotation almost to the base of the spacecraft. For low accelerometer
frequency ( @wa = 12 radians/sec), this is even more pronounced.
Increasing slosh frequency shows a decrease in the danger zone and an
increase in stability. Increasing slosh frequency above the control
frequency Ws > Wc decreases the stability and increases the danger
zone towards the base of the craft again., For low accelerometer
frequencies, these effects are more magnified. For a slosh frequency
in the vicinity of the accelerometer frequency, the stability is de-
creased and the danger zone is increased. The gain value a, of the

attitude control system has only very small influence upon the stability
boundary for an accelerometer frequency Ya = 55 radians/sec which is

large compared to the control frequemncy We¢ = 2 radians/sec (Figure 10j)
The danger zone is only a short length behind the center of instantaneous
rotation. With the wall friction damping value (73 = 0.02), the

vehicle is already stable for the given parameters. For small acceléro-
meter frequency (uy = 12 radians/sec) a small effect can be observed.

The danger zone and stability region, however, are unfavorable (Figure 10k).

Figure 10 1 and 10m exhibit the influence of the change of the
accelerometer gain value A = g-g. For an accelerometer frequency of
wy = 55 radians/sec, an increase of the gain value to about A = 1.5
enhances the stability and decreases the danger zone to a very small
region between center of instantaneous rotation and the center of
gravity. Further increase of A extends the danger zone in front of the

_ b
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center of instantaneous rotation., The larger A becomes, the more ‘
baffling is required. If the accelerometer frequency is only wy = 12
radians/sec, the situation is quite different. For increasing gain
value, the danger zone increases from the center of instantaneous
rotation to the aft of the craft. Very strong damping in the tanks

has to be introduced in order to maintain stability. Further increases
decrease the stability'ragion again, but still require a large zone

to be baffled very strongly. While in the case of a large accelerometer,
low damping is already sufficient for stability. A damping twenty to
thirty times larger is required for the case of low accelerometer
frequency. Again we can conclude that large accelerometer frequency
eliminates the greatest part of the problem. To obtain the influence
of the very important parameter, the natural frequency of the accelero-
meter, Figure 10n, shows that for increasing accelerometer frequency,
the danger zone enlarges and requires more damping. Above the slosh

frequency for -—Jl- > 2, a decrease of the danger zone and an increase

in the stability area are noticed. The larger the ratio the less
damping is required in order to obtain stability. “s

The increase of the damping of the accelerometer exhibits an
increase of the danger zome- and requires more damping in the tanks,
This effect is more. magnified for small accelerometer frequencies
(Figures 10 o, 10 p, and 10q). It can be noticed that from twice the
critical damping on, for small accelerometer frequency “Wa = 12
radians/sec, a further increase of the accelerometer damping slightly
decreases the danger zone and slightly enhances the stability. A very
important parameter in the design of a control system is the location
of an accelerometer as indicated in Figure 10r, 10s, and 10t. A
location of the accelerometer behind the center of gravity must be
avoided. For a natural frequency of “Ya = 55 radians/sec of the
accelerometer, any location in front of the center of gravity requires
low damping only for stability in a small danger zone. For an
accelerometer frequency %3 = 12 radians/sec, a location of an
accelerometer behind the center of gravity requires high baffling in
the tanks between the base and the center of instantaneous rotation.
Further shifting of the accelerometer towards the nose of the vehicle
enhances the stability and decreases the danger zone. All these
results are valid for a rigid spacecraft. It should, however, be noted
that bending in an accelerometer-controlled craft plays an important
role. Gain factor 7\,location of the accelerometer and the ratio of
the bending frequency to the accelerometer frequency as well as to the
control frequency have some definite influence. If the bending and
control frequency are sufficiently apart, only negative bending dis-
placements are permissible., This indicates that for the control of the
first two bending modes a location in front of the center of gravity,
where both bending modes exhibit negative deflection, is favorable.
This location also would remedy the sloshing problems with little
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baffling, but since it exhibits limitations in magnitude due to rigid
body. control (Case A), it must be treated with care with respect to
the gain value A of the accelerometer.

[y

V. CONCLUSION

For spacecraft of increasing size, the influence of propellant
sloshing upon the stability becomes more pronounced. Aerodynamically
unstable spacecraft create loads and require control torques, which
can be a potential hazard to the flight performance of the vehicle.
Therefore, artificial stabilization such as angle-of-attack meter and/or
accelerometer control is employed. This helps to alleviate the required
control deflections of the gimbal engines, jet vanes, or air vanes. For
a given configuration, the control requirements are strongly dependent
upon the gain settings of the control system (attitude and accelerometer
control). Sloshing propellant requires additional control torques. In
order to minimize this effect, proper choice of the control values,
tank forms, tank location, and, as a last resort, baffles will enhance
the stability situation. The amount of sloshing mass is determined
by the tank geometry, the mass density of the propellant, and the
liquid height. The tank location, i.e., slosh mass location, plays an
important role. The conclusions drawn from the results of a rigid
space vehicle with additional ideal accelerometer control lead to
optimistic results concerning the baffling of the tanks in order to
maintain stability. An actual accelerometer has its own natural
frequency; therefore, the relation of control-sloshing-and accelero-
meter frequency are of utmost importance. Without consideration of
propellant sloshing, rigid body stability can be obtained for any
location of the accelerometer along the vehicle. Drift minimum
requirements, however, demand certain values for the gain A =(gz.g),
which can only be obtained in front of the instantaneous center of
rotation. It should be noted, however, that for bending mode
stability, the accelerometer should be located between the front nodal
point and the center of instantaneous rotation for bending frequency
of at least three to five times the control frequency. In most cases,

a simple control system such as that considered here in the rigid
body analysis cannot be employed in bending feedback analysis without
additional phase shaping in the network.

For ¢ < Wwg << Wa the amount of damping required in the
tanks in order to maintain stability decreases considerably. One
further advantage of an accelerometer controlled vehicle is the
decrease of the danger zone, i.e., the zone where, for a sloshing mass
being located, a baffle of appropriate damping characteristic has to

be ig}roduced to obtain stability. This danger zone was for values
-iﬂér——- < 1 for a rigid vehicle with simple attitude control

4
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system with lead network approximately between the center of gravity

and the center of instantaneous rotation. With additional accelerometer
control, this danger zone can be decreased if the accelerometer frequency
is large enough ( Wy >> o« ), For small accelerometer frequency

(w, ®5 to 10° c) the danger zone is enlarged for decreasing Y, .

In the- following the effect of the various parameters will be
summarized' .

1. Slosh ﬁass iatio Bl

a. Without acceleraaeter control: increasing slosh mass ratio
decreases the stﬂ)ility and requires more baffling. The danger zomne is
for values

-7,5-———-2— < 1 approximately between the center of gravity and
the center of instantaneous rotation (Figure 8a).

b. With Accelerometer 'V-Cnntrol

1) wa = 55 radians/sec: 1increasing slosh mass ratio
decreases the stability and requires more baffling. The damping required .
to maintain stability is only two-fifths of that of a rigid vehicle with< =
out accelerameter control. ! ger zone is decreased to three-fifths
of the danger zcnse for a veh‘}.c without accelerometer control (starting
at the center of instantaneous rotation toward the aft of the craft,
Figure 10a). v ' :

2) Wa = 12 radians/sec: increasing slosh mass ratio
decreases the stability and requires more baffling. Ten times as much
. damping is needed in the tanks compared with the case of accelerometer
frequency “8 = 55 radians/sec. Even five times as much damping has to
be introduced in the tanks compared with the results of a space vehicle
without accelerometer control. Thus it can be concluded that no
accelesometer control should be employed rather than one with too low
a natural. accelerometer frequency. The danger zome is even larger than
for a system without accelerometer control and increases towards the
aft of the craft for increasing slosh mass ratio (Figure 10;:).

3) 1Ideal accelerometer' an ideal accelerometer
eliminates the danger zone almost completely except for a small region -
"at the center of instantaneous rotation, where wall friction is already
sufficient to maintain stability.
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2. Control Frequency .

a. Without accelerometer control: increase of the control
frequency decreases the stability and increases the danger zone toward
the aft of the vehicle. Furthermore it requires stronger baffling.
The situation becomes worse for control frequencies larger than the
slosh frequencies (Figure 8b).

b, With Accelerometer Control

1) Wa =« 55 radians/sec: increasing control frequency
decreases the stability slightly and increases the danger zone toward
the base of the craft. The baffle requirements are very low compared
to the case without accelerometer. Figure 10d shows that wall friction
is already sufficient to maintain stability,

2 Wa = 12 radians/sec: decrease of the control
frequency decreases the stability and also increases the danger zone
toward the aft of the vehicle (Figure 10e).

3) 1Ideal accelerometer: increase of the control frequency
decreases the stability and increases the danger zone toward the base
of the vehicle (Figure 9b). Again as in the cases 1) and 2), the baffle
requirements are smaller than in the case without accelerometer control.
Except for a control frequency of a “a = 12 radians/sec, the same
baffling is required in the case without accelerometer control for
W, = 10 radians/sec.

3. Control Damping be

a, Without accelerometer control: increasing subcritical
control damping decreases stability whereas increasing supercritical
damping increases the stability. Supercritical control damping requires
less baffling (Figure 8c).

b. With Accelerometer Control ' S

1) Wy = 55 radians/sec: increasing subcritical
damping increases the stability and decreases the danger zone.
Increasing supercritical damping increases the danger zone and decreases
the stability slightly. The baffling required in the tanks 1is very
small for all control damping values. It is of the same magnitude as
in the case without accelerometer control (Figure 10f).

2) w; = 12 radians/sec: 1increasing subcritical control
damping increases the stability and decreases the danger zone., An
increase in supercritical damping first increases the stability and
decreases the danger zone, but around the propellant sloshing frequency,
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it decreases the stability and increases*the danger zone toward the aft
of the vehicle, The damping values required for stability are at least
two to three times larger than thas e of the two previous cases (Figure 1Q3).

‘ 3) 1Ideal accelerometer: for the particular gain value

of A = 1 the change of control damping {c has practically no influence.
The trend, however, is the same as in the case with no accelerometer
control (Figure 9¢c).

4. Sloshing Frequency Ys

a. Without accelerometer control: increasing slosh frequency
enhances the stability and decreases the danger zone. For slosh fre-
quencies below the control frequency the danger zone is the entire
length behind the center of instantaneous rotation and requires con-
siderably more damping in order to maintain stability (Figure 8d).

b. With Accelerometer Control

1) Wa = 55 radians/sec: for the slosh frequency
below the control frequency, the danger zone is enlarged and the '
stability is decreased. For increasing slosh frequency, the danger
zone first decreases and the stability increases slightly. Further
increase in the sloshing frequency toward the accelerometer frequency
decreases the stability and increases the danger zone (Figure 10h).

- 2) Wa = 12 radians/sec: this case exhibits the
same behavior (Figure 10) except for about three times larger damping
being required to maintain stability.

3) 1deal accelerometer: increasing the sloshing
frequency slightly decreases stability. Sloshing frequency below the
control frequency increases the danger zone and decreases the stability
(Figure 9d).

5. Gain Value a, of the Attitude Control System

a. Without accelerometer control: a decrease in the gain

value a, decreases the stability and increases the danger zone. It is,
however, of slight effect (Figure 8e).

b. With Accelerometer Control

1) Y3 = 55 radians/sec: change of a, exhibits
practically no effect (Figure 10j).

2) waz = 12 radians/sec: the change of a, also shows
only minor effects. Increasing a, decreases the danger zone slightly
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and causes a minor increase in stability. The danger zone was already
three times as large as in case 1) and half as large as in the case
without accelerometer control. The damping required is about ten times
that of the case 1) and about twice as much as in the case with no
accelerometer control,

3) 1ldeal accelerometer: the change of a, has practically
no influence.

6. Gain Value, A= g g, , of Accelerometer

a.,%Wa = 55 radians/sec: for increasing gain value A, the
danger zone between the center of instantaneous rotation and the center

of gravity decreases accompanied by increasing stability. At A = 1.5
the optimum seems to be reached. For further increasing gain value A
the danger zone is in front of the center of instantaneous rotation and
requires increased baffling (Figure 10k). '

Wa = 12 radiang/sec: for increasing gain value A the
danger zone is increasing aft of the center of instantaneous rotation

and requires excessively large baffling. Any accelerometer control
with a low natural frequency has detrimental effects upon the stability
(Figure 10m).

c. Ideal accelerometer: for increasing gain value A, the
danger zone between the center of instantaneous rotation and the center
of gravity of the vehicle is decreased and the stability is increased.
Here A = 1,0 seems to be the optimum value, while for further increase
of A , the danger zone increases in front of the center of instantaneous
rotation and requires more damping in order to maintain stability (Figure 9f).

7. Accelerometer Frequency W,

Increasing accelerometer frequency decreases the stability and
increases the €§§§er zone behind the center of instantaneous rotation

for values of <| i.e. for values of the accelerometer frequency
bellow the sloshing frequency. For further increase of the accelerometer
frequency, the stability enhances and the danger zone decreases. For
ideal accelerometer control (Wg —> » ), the danger zone is diminished
to a small region about the center of instantaneous rotation, where
practically no baffling is required to maintain stability (Figure 10n).
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8. Accelerometer i a

Wg = §5 radians/sec: an increase of accelerometer
damping Qa results in an increase of the danger zone aft the center of

instantaneous rotat:lon and a decrease in stability (_Figure 10 o).

b. Wa = 12 rgia.ns[sg Increase of the accelerometer

damping increases the danger zone aft the center of instantaneous
rotation and decreases the stability for subcritical and low super-
critical damping. For supercritical dampingga > 2 further increase
in damping has the opposite effect. The danger zone for corresponding
damping values is larger than in the previous case Wa = 55 radians/sec
for {a < 3 and vice versa for ' g > 3. For low subcritical ,
damping, the required baffling is approximtely the same in both cases -
(Wa = 55 and wa = 12 radians/sec); while for large subcritical ‘
damping, twice as much damping is needed in the tanks to maintain
stability for the low accelerometer case. For low supercritical
accelerometer damping, about four times as much baffling is needed;
while for large supercritical damping only about twice as much baffling
is required in the tanks conpared to Case A (Figure 10p and 10q).

Xa

9. Accelerometer Locations x (or Q=
~ | Xemm |

a. _Wg = 55 radisns/gec: accelerometer location behind the
center of gravity has a detrimental effect on the stability and exhibits
only a rather short region of stability immediately in front of the
center of instantaneous rotation. This stability region increases
towards the nose of the craft as the accelerometer location is moved
from the aft of the vehicle towards the center of gravity. Accelero-
meteér locations in front of the center of gravity exhibit only small
danger zones between the center of instantaneous rotation and the center
of gravity, where only slight baffling is required to maintain stability.
(Figure 10n, wall friction is in many cases already suffic:lenl;)

b, Wy = 12 radiane[sec. - again, as in the low accelerometer

frequency case, stability is endangered. Location of the accelerometer
behind the center of gravity again exhibits detrimental ‘effects upon
the stability and a danger zone which reaches from the center of instan-
taneous rotation to the tail of the vehicle. Large baffling would be
required to maintain stability, But even for an accelerometer location
in front of the center of gravity, there is a need for small baffling.
The further the accelerometer is shifted toward the nose, the less
damping is required. The danger zone decreases also to one between

the center of gravity and center of instantaneous rotation (Figures 10s
and 10t). ‘
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c. ldeal accelerometer: for ideal accelerometer control the
stability of the spacecraft is insensible to the location of the accelero-
meter (Figure 9g). This, however, as in all previous cases is only valid
for the particular accelerometer gain value A = 1,0, For other gain
values A > 1, accelerometer location in front of the center of gravity
results in instability for the tanks in front of the center of instantan-
eous rotation, while for a location behind the center of gravity all
tanks behind the center of instantaneous rotation exhibit instabilities,
which decrease with a further shift of the location of the accelerometer
toward the aft of the craft (Figure 9h). A change of accelerometer
location toward the nose of the vehicle results in less baffling
requirement in the tanks in front of the center of instantaneous rotation.
Enhanced stability can always be obtained by changing the previous
parameters and by proper choice. of control values. The sloshing mass
can be reduced by special selection of tanks for the propellant. Tanks
with a large fineness ratio (fluid height over diameter ratio) exhibit
small sloshing masses. A circular cylindrical tank compared with the
same tank containing cross walls thus making four cylindrical quarter
tanks, exhibits a ratio of the slosh masses of about 1l: 3.3 which means
that by introduction of quarter tanks, the sloshing mass can be reduced
to one third, Besides this the slosh frequency is increasing thus
shifting the natural liquid frequency into a better region (above the
control frequency: W > ). For four cluster tanks with circular
crogs sections compared with four quarter tanks, the sloshing ratio is
still 1:1.6, which means that by the introduction of quarter tanks
instead of four cluster tanks of equal volume, the sloshing mass can be
reduced to six tenths. It should be noted, however, that additional
sloshing masses appear in the quarter tank arrangement, which have only
a slightly different frequency, but can no longer be neglected. These
frequencies are about 20% apart. The change of the control frequency
and control damping is a matter of control system design (change of
the gain value a, and a, ), of the selection of center of gravity (which
reflects on the swivel point location Xg ), the moment of inertia of the
vehicle, and the longitudinal acceleration of the craft. The slosh
frequency can be increased by subdivision of the tanks in the longitudinal
direction. Large accelerometer frequency enhances the stability and the
danger zone and thus requires less baffling for stability. Proper choice

of accelerometer gain values and accelerometer location also play an
important role.
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Mechanical Hodel.

An equivalent nachani.cal model which describes the motion of the
propellant in the tank can be seen in Figure 1. This model consists of
vibrating mass points, springs and dampers, a fixed mass with a moment .
of inertia and a massless disc with a moment of inertia, It is so
derived that it exerts the same forces and moments as the propellant
and that it has the same. patural frequency as the liquid. The complete
analysis of presenting the fluid motion as mechanical model either with
mass-spring-damper systems or pendulum systems is given in Reference 3 -
for cylindrical tanks with circular or anmnular cross sections. Part of
the results will be summarized here.

A, For a Tank g;g :I._;_c_t_;lar Cross Secti.on

:n = io of sloshing mass to 1iquid;‘n'xass
h 4 __ ‘@ s
-2 =% 1 - h tanh (737 )
h €n-g3
B. -For a ;g_nk with Annular Cross Section X
A 2 = kn
“n-3 m_ S
. n -
~ 2 R ~ h
R . e ————————— - p . t h ——
™ = -An—1£§n'1" kcl(k g1:1- 11} an (gn-:l. a )
) : : ;
€1 - k2 . h oy ,
(1 -k (gn-;?);*
h..n_ 1 h tanh En-‘l b n -]
& = % T Epo, 2 2 a

In Figures 2 througﬁ 6, the sloshing mass m, and height ratios
Bn  are shown versus the fluid height ratio 3.
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